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AngelicNondeterminism

•Programdevelopmenttechniques:

–Demonicchoice:abstraction

x:=−1ux:=1

–Angelicchoice:guaranteessuccess

(x:=−1tx:=1);(x>0`x
′
=x+1)

•Semantics:leastupperboundinthelatticeofmonotonic

predicatetransformers

•Programming:backtrackinginconcurrentconstraint

programming
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AngelicNondeterminism

•Morgan’srefinementcalculus:logicalconstants

–Initialvariables

x:[true,x=x0+1]

|[conX•x:[x=X,x=X+1]]|

–Importantfordevelopmentofsequences

–Importantforcertainloopinvariants
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AngelicNondeterminism

•Calculationaldatarefinementrules

b:[pre,post]�|[cona,b•c:[CI∧pre,(∃b•AI∧post)]]|

•Back’swork

–System-userinteractions

–Game-likesituations
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Circus

•CombinationofZandCSP

•ZRC:refinementcalculusforZinthestyleofMorgan

•Semanticmodel:unifyingtheoriesofprogramming

–Integratedmodelofstateandreactivebehaviour

–Nologicalconstants
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UnifyingTheoriesofProgramming(UTP)

•Alphabetisedrelationalmodel

•Relationsaredefinedaspairs

(αP,P)

•αP:alphabetofobservationalvariables

•P:predicateoverobservationalvariables

•Example:({x,x
′
,y,y

′
},x

′
=x+1∧y

′
=y)
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RelationsintheUTP

•Assignment:x:=e=̂(x
′
=e∧y

′
=y∧...∧z

′
=z)

•Skip:Π=̂(v
′
=v)

•Sequence:P(v
′
);Q(v)=̂∃v0•P(v0)∧Q(v0)

providedoutαP=inα
′
(Q)={v

′
}

•Nondeterminism(demonic):PuQ=̂P∨Q
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Thesetofrelationsisacompletelattice

•Ordering:⇐

•LeastUpperBound:[P⇐uS]iff([P⇐X]forallXinS)

•Abort:⊥=̂true

•RecursionµX•F(X):leastfixedpoint

•Infelicity:((µX•X);x
′
=3)=(x

′
=3)
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Designs

•Extraobservationalvariables:okandok
′
.

•(P`Q)=̂(ok∧P)⇒(ok
′
∧Q)

(x>0`x
′
=x+1)=(ok∧x>0⇒ok

′
∧x

′
=x+1)

•Assignmentandskipareredefinedasdesigns.

•Allpredicatesexpressibleasprogramsaredesigns.
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Healthinessconditions

H1R=(ok⇒R)Nopredictionsbeforestartup

H2[R[false/ok
′
]⇒R[true/ok

′
]]Non-terminationisnotrequired

H3R=R;ΠPreconditionsdonotusedashes

H4R;true=trueFeasibility
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Theproblem:noangelicnondeterminism

sb2ppt2sb

predicate
transformers

Set-based
relations

UTP
predicates

sb2pt p2sb
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Set-basedmodelforUTP

State

•Recordthatassignsavaluetoeachobservationalvariable

•ForanalphabetA

SA:setofrecordswithacomponentforvariableinA.
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Set-basedrelation

Pair

(αR,R)

where

•αRisthealphabet

•R:SinαR↔SoutαR
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Set-basedrelation

•Example:x:=3withalphabet{x,y,x
′
,y

′
}

{s:S{x,y};s
′
:S{x

′
,y

′
}|s

′
.x

′
=3∧s

′
.y

′
=s.y}

•Partiality:miracle

•Non-terminationisnotcaptured
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IsomorphismbetweenUTPandset-basedrelations

p2sb.P=̂{s:SinαP;s
′
:SoutαP|P[s,s

′
/inαP,outαP]})

sb2p.R=̂

∃s1,s2•(s1,s2)∈R∧(
∧

x:inαR•x=s1.x)∧(
∧

x:outαR•x=s2.x)

Conclusion:relationscannothandlenon-terminationproperly.
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Paradox?

•Withalphabet{x,x
′
},(µX•X);x:=3=x:=3

•Question:isthisreallyaproblem?

–Wehaveamodelofterminatingprograms

–⊥ischoose.

•Strongestfixedpoint:aredherring

•Studyingtheset-basedmodelcanbeilluminating
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Healthyset-basedrelations

{ok,ok
′
}⊆αR

SBH1∀s,s
′
|s.ok=false•(s,s

′
)∈R

SBH2∀s,s
′
|s

′
.ok

′
=false∧(s,s

′
)∈R•(s,s

′
⊕{ok

′
7→true})∈R

SBH3∀s|(∃s
′
•s

′
.ok

′
=false∧(s,s

′
)∈R)•(∀s

′
•(s,s

′
)∈R)
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Healthinessconditions(continued)

ForeveryUTPrelation(αP,P)thatsatisfiesHi,

p2sb.(αP,P)satisfiesSBHi.

Conversely,foreveryset-basedrelation(αR,R)that

satisfiesSBHi,sb2p.(αR,R)satisfiesHi.
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Healthinessconditions(continued)

•Surprise:H3impliesH2.

•Feasibilityshouldnotbeofparamountconcern

•Non-H3designs,however,canbeasfollows.

(x
′
6=2`true)=(ok⇒x

′
=2∨ok

′
)

•Arethesedesignsrelevantforthemodellingofother

paradigms???
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Healthinessconditions(continued)

predicates

relations

designs

reactive

CSP
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PredicatetransformersmodelforUTP

Pair

(αPT,PT)

where

•αPTisthealphabet

•PT:monotonictotalfunctionfromPSoutαPTtoPSinαPT

TheoremThereisanisomorphismbetweenuniversallyconjunctive

predicatetransformersandset-basedrelations.
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Isomorphismbetweenpredicatetransformersandset-based
relations

sb2pt.R.ψ=̂dom(R−Bψ)

pt2sb.PT=̂{s:SinαPT;s
′
:SoutαPT|s∈PT.{s′}}

Theoremsb2ptandpt2sbestablishanisomorphismbetween

universallyconjunctivepredicatetransformersandset-based

relations.
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Angelicnondeterminismout!

Angelicnondeterminism,asmodelledinthelatticeof

monotonicpredicatetransformers,cannotbemodelledin

ourspaceofuniversallyconjunctivepredicatetransformers,

asjoinsarenotpreserved.(BackandvonWright,1992)
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Universalconjunctivity

•Standardpredicatetransformers:universalconjunctivityimplies

termination

PT.true=true

•Intheframeworkofdesigns

–PostconditiontrueisSoutαPT:stopornot,anddoanything.

–PreconditiontrueisSinαPT:itisnotevenneededtostart.

•Conjunctivityisstillanissue
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Relationalmodelforangelicanddemonic
nondeterminism

•Binarymultirelations:I.Rewtizky,2003

•SimilartoBack’schoicesemantics

Pair

(αBM,BM)

where

•αRisthealphabet

•R:SinαBM↔PSoutαBM
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Binarymultirelations:Nondeterminism

•Range:setsofdemonicchoices(postconditions)

•Differentsets:angelicchoicesofdemonicchoices

Healthinesscondition

BMH∀s,ψ1,ψ2|(s,ψ1)∈BM∧ψ1⊆ψ2•(s,ψ2)∈BM
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Examples

•Abort

∅

•Miracle

SinαBM↔PSoutαBM

•x:=e

{s,ss
′
|{[s]

′
⊕{x

′
7→e}}⊆ss

′
}
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Examples

•x:=0tx:=1

{s,ψ|{(x
′
7→0)}⊆ψ∨{(x

′
7→1)}⊆ψ}

•x:=0ux:=1

{s,ψ|{(x
′
7→0),(x

′
7→1)}⊆ψ}

•x:=0u(x:=1tx:=2)

{s,ψ|{(x
′
7→0),(x

′
7→1)}⊆ψ∨{(x

′
7→0),(x

′
7→2)}⊆ψ}
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Isomorphism

bm2pt.BM.ψ={s|(s,ψ)∈BM}

pt2bm.PT={(s,ψ)|s∈PT.ψ}

•Correspondencebetweenpredicatetransformersandbinary

multirelations

•Monotonicpredicatetransformerscorrespondtohealthybinary

multirelations
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Binarymultirelationsaspredicates

•Alphabet:inα∪{dc
′
}

•dc
′

–setofdemonicchoicesavailable

–setofstatesonanalphabetoutα

•Designs:v,ok,anddc
′
,asetofstatesonv

′
andok

′
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Binarymultirelationsaspredicates

sb2ppt2sbbm2pt

binary
multirelations

predicate
transformers

Set-based
relations

UTP
predicates

pt2bm sb2pt p2sb

pt2r

bm2sb

sb2bm
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Binarymultirelationsaspredicates

bm2sb.BM={s:Sinα;s
′
:S{dc

′
}|(s,s

′
.dc

′
)∈BM}

sb2bm.DCR={s:Sinα;ss:PSoutα|(s,(dc
′
7→ss))∈DCR}

pt2r=̂bm2sb◦pt2bm

pt2r.PT={s:Sinα;s
′
:S{dc

′
}|s∈PT.(s

′
.dc

′
)}
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Binarymultirelationsaspredicates:example

sb2p.(pt2r.abort)=false

sb2p.(pt2r.abort)[definitionofpt2r]

=sb2p.{s,s
′
|s∈abort.(s

′
.dc

′
)}[definitionofabort]

=sb2p.∅[definitionofsb2p]

=∃s,s
′
•(s,s

′
)∈∅∧(

∧
x:inα•x=s.x)∧dc

′
=s

′
.dc

′

=false
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Binarymultirelationsaspredicates:healthinesscondition

PBMHP;dc⊆dc
′
=P

IfBMisBMH-healthy,thensb2p.(bm2sb.BM)is

PBMH-healthy.

IfPisaPBMH-healthypredicate,thensb2bm.(p2sb.P)

isBMH-healthy.
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Binarymultirelationsaspredicates:refinement

PvAQ=̂[P⇒Q]

PvAQif,andonlyif,sb2bm.(p2sb.P)vBMsb2bm(p2sb.Q)
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Binarymultirelations:refinement

BM1vBMBM2=̂BM1⊆BM2

BM1vBMBM2if,andonlyif,bm2pt.BM1vPTbm2pt.BM2

Simplificationof

BM1vPOBM2=̂∀s,ψ1|(s,ψ1)∈BM1•∃ψ2•(s,ψ2)∈BM2∧ψ2⊆ψ1

forhealthymultirelations.
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Binarymultirelationsaspredicates:operators

Angelicchoice

sb2p.(pt2r.(PtQ))=sb2p.(pt2r.P)∨sb2p.(prt2.Q)

Demonicchoice

sb2p.(pt2r.(PuQ))=sb2p.(pt2r.P)∧sb2p.(prt2.Q)

Sequence:P;Q
∗

Q
∗

=̂µX•trueCdc=∅Bvars•s
′
∈dc;

(v:=s.v;Q)t(dc:=dc\{s};X)

end
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Conclusions

•Aset-basedrelationalmodelcanbeilluminating

–Theneedfordesignsbecomesobvious

–Asimplersetofhealthinessconditionsispromptlyrevealed

•Newrelationalmodel:binarymultirelations

•Advantages

–Angelicanddemonicnondeterminism

•Price

–Complexdefinitionforsequence

–Definitionofrefinementischanged

•Future:redevelopthemodelofprocessesusingthisextended

model
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